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1. 1 $(M, h)$ $n$- $C^{\infty}Riemann$
. $h= \sum h_{ij}dx^{i}dx^{j}$ Riemann ,
$dv$ Riemann $M$
1 : $dv=(V\circ l(M))^{(-1)}\sqrt{\det(h_{ij})}dx^{1}\cdots dx^{n}$ .
Fisher $(g_{ij})$ Fisher $g$
$\mathcal{P}(M)$ . $M$ $C^{\infty}$ $\mu=p(x)dv(x)$
$\mathcal{P}(M)$ :
$\mathcal{P}(M)=\{\mu=p(x)dv(x)|p\in C^{\infty}(M), p(x)>0, \int_{M}p(x)dv(x)=1\}(1)$
Fisher , $\mathcal{P}(M)$
.
$\mu_{0}$ . $\mu$ $\mu=\mu_{0}+\tau,$ $\tau=q(x)dv(x)$ ,
$\int_{M}\tau=0$ . $\mathcal{P}(M)\subset\mu_{0}+Q(M)$ , .
$\mathcal{Q}(M)=\{\tau=q(x)dv(x)|q\in C^{\infty}(M), \int_{M}q(x)dv(x)=0\}$ (2)
$q(x)$ $n$- $q(x)dv(x)$ , $C^{\infty}(M)$ $k$-
$L^{2}$- $W_{k}^{2}(M)$
. $Q_{k}^{2}(M)= \{\tau=q(x)dv(x)|q(x)\in W_{k}^{2}(M), \int_{M}\tau=0\}$ ,
$Q_{k}^{2}(M)$ $W_{k}^{2}(M)$ . $\mathcal{P}_{k}^{2}(M)$
$\mu_{0}+Q_{k}^{2}(M)$ $n$-
$p(x)dv(x)$ . $k>n/2$ . Sobolev $\mathcal{P}_{k}^{2}(M)$
, $Q_{k}^{2}(M)$ .
$k$ $\mathcal{P}(M),$ $\mathcal{Q}(M)$ .
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$\mu=p(x)dv(x)$ $\mathcal{P}(M)$ .
, , $\mu=p(x)dv(x)$
, . , $\mu=p(x)dv(x)$
$\tau=q(x)dv(x)$ $\int_{M}\tau=\int_{M}q(x)dv(x)=0$
. $Q(M)$ $\mu$
$T_{\mu}\mathcal{P}(M)$ . $\tau$ : $t$
$M$ : $\mu+t\tau,$ $|t|<\epsilon$ , , $\mathcal{P}(M)$
, $t=0$ $\tau$ .
1.1(Fisher ) $T_{\mu}\mathcal{P}(M)$ $g_{\mu}$ :
$g_{\mu}( \tau_{1},\tau_{2})=\int_{M}\frac{d\tau_{1}}{d\mu}\frac{d\tau_{2}}{d\mu}\mu=\int_{M}\frac{q_{1}(x)}{p(x)}\frac{q_{2}(x)}{p(x)}p(x)dv(x).$, (3)
$\tau_{i}=q_{t}’(x)dv(x),$ $i=1,2$ ,
$\frac{d\tau_{i}}{d\mu}=\frac{q_{i}(x)}{p(x)}$ , $i=1,2$. (4)
$g.=\{g_{\mu}|\mu\in \mathcal{P}(M)\}$ Fisher .
1.2 . $a$. $M$ . $W_{k}^{2}(R^{n})$
$n$- $R^{n}$ , $S(R^{n})$ $S_{0}bolev$
. $W_{k}^{2}(R^{n})$
$\mathcal{P}(R^{n})$ . [G] .
$b$ . Fisher (g : $\subset R^{m}$ $\mathcal{P}(M)$
, Fisher Fisher
, , Fisher
: $\mu=p(x;\xi)dv,$ $\xi=(\xi_{1}, \ldots, \xi_{m})$
$\tau_{i}=$ \partial p/\partial $d\tau_{i}/d\mu=p^{-1}x\partial p/\partial\xi_{i}=d$ log $p(x;\xi)/d\xi$
$g_{ij}=g_{\mu}(\tau_{i}, \tau_{j})$ . [A-N] .
1.3 . $N(\mu, \sigma^{2})$ $\mu$ , $\sigma^{2}$ . $(\xi_{1}, \xi_{2})=(\mu, \sigma)$
$\mathcal{P}(R)$ . Fisher
$(g_{ij})$ ; $g_{11}=1/\sigma^{2},$ $g_{12}=0,$ $g_{22}=2/\sigma^{2}$ . $\Sigma g_{ij}\xi_{i}\xi_{j}=$
$(1/\sigma^{2})(d\mu^{2}+2d\sigma^{2})$ , $\{(\mu, \sigma)|-\infty<\mu<$









(iii) $M$ $\mathcal{D}^{+}(M)$ $\mathcal{P}(M)$
($\psi\in \mathcal{D}^{+}(M)$ $\psi$ : $\murightarrow\psi^{*}\mu$ , n- $\mu$ $\psi$
):
$\mathcal{P}(M).=\mathcal{D}^{+}(M)/\mathcal{K}$ ,





$\mathcal{P}=\{\mu=(p_{1},p_{2},p_{3})\in R^{3}|p_{i}>0, \sum_{i}p_{i}=1\}$ (6)
Fisher . $\mathcal{P}$ $R^{3}$ $x+y+z=1$
. $\mathcal{P}$ 2- . $\mu=(p_{1},p_{2},p_{3})\in \mathcal{P}$
$T_{\mu} \mathcal{P}=\{\tau=(v_{1},v_{2},v_{3})\in R^{3}|\sum_{i}v_{i}=0\}$ . (7)
$\frac{d\tau}{d\mu}=(\frac{v_{1}}{p_{1}},\frac{v_{2}}{p_{2}}, \frac{v_{3}}{p_{3}})$
$g_{\mu}( \tau,\tau’)=\int_{M}\frac{d\tau}{d\mu}\frac{d\tau^{l}}{d\mu}\mu=\frac{1}{p_{1}}v_{1}v_{1}’+\frac{1}{p_{2}}v_{2}v_{2}’+\frac{1}{p_{3}}v_{3}v_{3}’$
$\tau=(1,0, -1),$ $\tau’=(0,1, -1)$ Fisher
. $g_{11}=g_{\mu}(\tau, \tau),$ $g_{12}=g_{\mu}(\tau, \tau’),$ $g_{22}=g_{\mu}(\tau’,\tau’)$





$p_{1}=s^{2},$ $p_{2}=t^{2}$ , $s=r\cos\theta$ , $t=r$ sin $\theta$ ,
$0<r<1$ , $0<\theta\leq 2\pi$
$g= \frac{4}{1-r^{2}}dr^{2}+4r^{2}d\theta^{2}$




1.6 $\mathcal{P}=\mathcal{P}(M)$ Fisher . 3
.
$T$





2.1 (X, h) , $n$- Riemann ,
:
$-b^{2}\leq K_{Y}\leq-a^{2}<0$ (10)
$a,$ $b$ . $K_{Y}$ $Y$ .
Cartan-Hadamard , $(X, h)$ $n$-
.
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2.2 . $n$- $(D^{n}, h_{\text{ }})$ : Poincar\’e
$D^{n}=\{x\in R^{n}||x|<1\}$ , $h_{o}= \frac{4}{(1-|x|^{2})^{2}}\sum_{i=1}^{n}dx_{i}^{2}$ (11)




, [E], [S] .
2.3 ( ). , $c_{1}=$
$c_{1}(t),$ $c_{2}=c_{2}(t)$ , $0\leq t<\infty$ , $d(c_{1}(t), c_{2}(t))$ $t$
. $c_{1}\sim c_{2}$ .
$\mathcal{G}(X)$ , ,
$\sim$ $\mathcal{G}(X)/\sim$ ,
\rangle , $\partial X$ .
$x_{o}\in X$ . $\partial X$ x
$U_{x}$ $X=$ { $v\in T_{x}$ $X||v|=1$} . $\theta=[c]\in$
$\partial X$
$\gamma$ $\theta=[\gamma]$
. $\partial X$ .
, $\partial X$ $n-1$ $S^{n-1}$ . $X\cup\partial X$
$X$ .
$[E|,[S]$ .
2.4 $n$- $(D^{n})h_{\text{ }})$ : ( $0$
) $0$ , 1 $\partial D^{n}=S^{n-1}$ .
2.5 Dirichle’t Dirichl\’et
([P] ). (X, h) Laplacian $\Delta=-\sum_{i}h^{ij}\nabla_{i}\nabla_{j}$ $\Delta u=0$
$u:Xarrow R$ . $\partial X$
$X$ ( ) Dirichl\’et
.
(Anderson, Sullivan). $(X, h)$ 2.1 .
$\psi\in C^{0}(\partial X)$ ,
$\Delta u=0$ in $X$, $u|_{\partial X}=\psi$ (12)
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$u\in C^{\infty}(X)\cap C^{0}(XU\partial X)$ . [Sch-Y]
.
$\partial X=U_{x}$ $X=S^{n-1}$ $\partial X$ $d\theta$
:
$d \theta=\frac{1}{Vol(S^{n-1})}d\theta^{1}\wedge\cdots\wedge d\theta^{n-1}$ (13)
$\{d\theta^{i}\}h.U_{x}$ $X=S^{n-1}$ , $\{e_{1}, \cdots, e_{n-1}\}$
.
Dirichl\’et $u$ , 2.1 (X, h) , Poisson
([Sch-Y]).
2.6 (Poisson ). $\theta\in\partial X$ $\Phi(x, \theta)\in C^{0}(X\cup$
$\partial X\backslash \{\theta\})$ , $x\in X$ ,
Poisson :
1. $\Phi(x, \theta)$ $>$ $0$ for any $x\in X$ ,
2. $\Phi(x_{o},\theta)$ $=$ $1$ ,
3. $\lim_{xarrow\theta}\Phi(x, \theta)$ $=\infty$ ,
4. $\theta’\in\partial X,$ $\theta’$ $\neq\theta\Rightarrow\lim_{xarrow\theta’}\Phi(x, \theta)=0$ .
$u=u(x)$ Poisson :
$u(x)= \int_{\partial X}\Phi(x,\theta)\psi(\theta)d\theta$ (14)
2.7 . $(D^{n}, h_{\text{ }})$ $0$ Poisson
$\Phi(x,\theta)=(\frac{1-|x|^{2}}{|x-\theta|^{2}}I^{n-1},$ $x\in D^{n},$ $\theta\in\partial D^{n}$ (15)
$|\cdot|$ $D^{n}\subset R^{n}$ .
(Schoen-Yau [Sch-Y]). 2.1 ($X$ , h).
Poisson .
2.1 $([I-Sh],[Sh-2])$ . Poisson $\Phi(x, \theta)$ , $x\in X$
$\partial X$ : $\mu=\Phi(x, \theta)d\theta$
$\mathcal{P}(\partial X)$ .
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. $\partial X$ 1 $\psi$ Dirichlet $u$
1 . Poisson
$1= \int_{\partial X}\Phi(x,\theta)d\theta(\theta)$ , (16)
$\Phi(x, \theta)d\theta(\theta)$ $\mathcal{P}(\partial X)$ .
2.8 . Poisson $\varphi$ : $Xarrow \mathcal{P}(\partial X)$ $\varphi$ : $x\vdash+\Phi(x, \theta)d\theta$
.
2.9 . $b$ : $\mathcal{P}(S^{1})arrow D^{2}$ Douady &
Earle $\varphi$ ([D-Ea]). Besson, Courtois
&Gallot $X$ $L^{2}(\partial X, d\theta)$ , Poisson $\varphi$
, (X, h) ([B-C-G]).
3. Fisher Poisson
3.1 $\varphi$ : $Xarrow P(\partial X)$ $X$ $x$ $\partial X$
. Fisher ,g $\varphi$ $\varphi^{*}g$
. : $d\varphi$ : $T_{x}Xarrow T_{\mu}\mathcal{P}(\partial X),$ $\mu=\varphi(x)$
, Busemann
.
3.2 (Busemann ). $(X, h)$ 2.1
Riemann . $\theta\in\partial X$ $X$ $x\mu+B(x, \theta)$
$B(x, \theta)=\lim_{tarrow\infty}(d(c(t),x)-t)$ , (17)
. $B(x, \theta)$ , $x_{o}$ Busemann .
$c(t)$ $x_{o}$ , $\theta$ ; $c( O)=x_{\text{ }},\lim_{tarrow\infty}c(t)=\theta$
Busemann $B(x, \theta)$ :
1. $B(x_{o},\theta)$ $=0$,
2. $\lim_{xarrow\theta}B(x,\theta)$ $=$ $-\infty$ ,
3. $\lim_{xarrow\theta’}B(x,\theta)$ $=$ $+\infty$ , $\theta’\neq\theta$




3.3 , Riemann (X, h) 1
. .
3.1 $([I-Sh],[Sh-2])$ . 1, $n$- (X, h)
, Poisson $\varphi$ , $\varphi$ Fisher
$g$ $\varphi^{*}g$ :
$\varphi^{*}g=\frac{\rho^{2}}{n}h$ (18)
$g_{\varphi(x)}(d \varphi(u), d\varphi(v))=\frac{\rho^{2}}{n}h_{x}(u, v),$
$u,$ $v\in T_{x}X,$ $x\in X$ (19)
$\rho=\rho(X,h)$ (X, h) (X, h)
$B(x;r)$ :
$\rho(x)=\lim_{rarrow\infty}\frac{1}{r}\log Vol(B(x;r))$ , $x\in X$ , (20)
, $\rho$ $x$ .





Busemann , $\partial X$
Jacobian Poisson .
3.5 [p.170, $H$] .
$n$- , $n$- , $n$-
Riemann (X, h) , $x$ $s_{x}\in I(X, h)$
(X, h) :
$s_{x^{\circ}}s_{x}=id_{X}$ ($X$ ) $x$ $s_{x}$ .
$I(X, h)$ ( ) ,
. $s_{x}$ $x$ ,
([p.170, $H]$ ). , ,
, , ,
. 2.1
1 . 1 $=$
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4 : $H_{R}^{n}$ , $H_{C}^{n}$ ,
4 $H_{H}^{n},$ $8$ $H_{Q}^{n}$ .
dim $H_{F}^{n}=n\cdot\dim_{R}F,$ $F$ .
$\rho=n+\dim_{R}$F-2. [B-C-G] .
3.6 1 Poisson $\Phi(x, \theta)$
([B-C-G]) :
$\Phi(x,\theta)=\dot{e}xp(-\rho B(x,\theta))$ (21)
, Poisson $\varphi$ . , $\varphi(x)=\varphi(y)$ ,
$x\neq y$ . 2 $x,$ $y$ $c=c(t),t\geq 0,$ $c(O)=x$ ,
$\partial X$ $\theta$ , Busemann $B(\cdot, \theta)$
, $B(z, \theta)=B_{c}(z, \theta)+d(x, x_{\text{ }}),$ $z\in X$ , ([E],[S]
). $B_{c}(z, \theta)$ $c$ Busemann .
2 $x,$ $y$ $B(\cdot, \theta)$ , Poisson
$P6isson$ . . $\varphi$ .
3.7 (X, h) , $I(X, h)$ (X, $h$)
: $x_{o}$ ( ) , $x$
x $x$ $\gamma\in I(X, h)$ .
3.8 , (X, h) 2.1
Riemann . .
$\gamma\in I(X, h)$ $c=c(t)$ $\gamma\circ c=\gamma(c(t))$ ,
; $d(\gamma(x))\gamma(y))=d(x, y)$ , 2
$c,$ $c$ 2 $\gamma oc,$ $\gamma oc’$ . $\partial X$
( $\gamma$ ) :
$\gamma$ : $\partial Xarrow\partial X;\theta=[c]\vdash+\gamma(\theta)=[\gamma\circ c]$ . (22)
3.9 : $\gamma$ : $\partial Xarrow\partial X$ $\partial X$ $(n-1)-$
$(n-1)$- $\gamma^{*}$ $\mathcal{P}(\partial X)\subset\Omega^{n-1}(\partial X)$
. $\Omega^{n-1}(\partial X)$ $\partial X=S^{n-1}$ $(n-1)$-
. $\gamma$ : $\Omega^{n-1}(\partial X)arrow\Omega^{n-1}(\partial X)$
$\gamma(\mu):=(\gamma^{-1})^{*}(\mu)$ (23)
. :
$(\gamma 0\gamma_{1})(\mu)$ $:=\gamma(\gamma_{1}(\mu)),$ $\gamma,\gamma_{1}\in I(X, h)$ (24)
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(M.Bourdon([B]). $\gamma\in I(X, h)$
$\partial X$
$\gamma$ Jacobian :
$\gamma^{*}(d\theta(\theta’))=\Phi(\gamma^{-1}(x_{\text{ }}))\theta)d\theta(\theta)$ ; $\theta’=\gamma(\theta)$




$\gamma^{*}(d\theta(\theta’))=\Phi(x_{o}, \theta)d\theta(\theta)=d\theta(\theta)$ . , $\gamma$ $x_{o}$
, $\partial X=U_{x}$ $X$





3.2 $([I-Sh],[Sh- 2])$ . Poisson $\varphi$ : $Xarrow \mathcal{P}(\partial X)$ $X$
$\gamma$ :
$\varphi(\gamma(x)=\gamma(\varphi(x)), x\in X$ (26)
$\Phi(\gamma(x),\theta)d\theta=\gamma(\Phi(x,\theta)d\theta),$ $x\in X$ . (27)
3.3 $([\grave{I}-Sh],[Sh- 2])$ . $\gamma\in I(X, h)$
$\mathcal{P}(\partial X)$ $g$ :
$g_{\gamma(\mu)}(d\gamma(\tau_{1}),d\gamma(\tau_{2}))=g_{\mu}(\tau_{1},\tau_{2}),$ $\tau_{i}\in T_{\mu}\mathcal{P}(\partial X),$ $i=1,2,$ $\mu\in \mathcal{P}(\partial X)$
3.9 . $\mu=m(\theta)d\theta$ . $\tau_{i}=f_{i}(\theta)\mu\in T_{\mu}\mathcal{P}(\partial X)$ ,
$i=1,2$ . $\partial X$ $\gamma\in I(X, h)$ $d\gamma$ :
$T_{\mu}\mathcal{P}(\partial X)arrow T_{\mu}\mathcal{P}(\partial X)$ $\gamma^{-1}$ : $\partial Xarrow\partial X$ $\partial X$ . $(n-1)-$
: $d\gamma(\tau_{i})=(\gamma^{-1})^{*}(\tau_{i})$ . , $\gamma(\mu)=$









Fisher $g_{\mu}(\tau_{1}, \tau_{2})$ .
.
3.10 . x Poisson
$\varphi$ $d\varphi$ : $T_{x}$ $Xarrow T_{\mu}\mathcal{P}(\partial X),$ $\mu=\varphi(x_{o})$
. $\varphi(x)=\Phi(x, \theta)d\theta=\exp(-\rho B(x, \theta))d\theta$
$B(x_{o}, \theta)=0$ $u\in T_{x}$ $X$
$d\varphi(u)$ $=$ $-\rho dB(\cdot,\theta)(u)exp(-\rho B(x_{o},\theta))d\theta$ (28)
$=$ $-\rho dB(\cdot,\theta)(u)d\theta,$ $u\in T_{x}$ $X$
$\varphi^{*}g(u,u)$ $= \rho^{2}\int_{\partial X}(dB(\cdot,\theta)(u))^{2}d\theta$ (29)
$\rho^{2}\int(h(u,c’(0))(dB(\cdot,\theta)(c’(0)))^{2}d\theta$
. 2 x Busemann $dB(\cdot, \theta)(c’(O))=$
$-1$ . $c(t)$ $x_{o},$ $\lim_{tarrow\infty}c(t)=\theta$
.









341 . Poisson , 3.6
.
3.12 $(I-Sh],[Sh- 2])$ . $(X, h)$ 1
. Poisson .
3.11 . Poisson . $x_{o}$
. $T_{x_{\text{ }}}X$ $\{e_{1}, e_{2}, \cdots, e_{n}\}$ . $d\varphi(u)=$
$-\rho dB(\cdot, \theta)(u)d\theta$ , x $d\varphi(e_{i})=-\rho\theta_{i}d\theta$ . $\theta_{i}$











( $c$ ) . ,
1 .
.
4.2 $([I-Sh],[Sh-2])$ . $(X, h)$ n- Riemann
2.1 . $n\geq 3$ ( $X$ , h)
( $I(X, h)$ $\Gamma$ $X/\Gamma$
$C^{\infty}$- ) . Poisson
$\Phi(x, \theta)=\exp(-cB(x, \theta))$ , (34)
($c$ ) , (X, h) 1
. $c$ $\rho$ .
.
([B-C-G]). (X, h) , $n$- Riemann
. $X$ $\overline{X}$ (
) , $\tilde{X}$ 1 .
4.2 . $x$ $T_{x}X$ $\{e_{i}|i=$
$1,$ $\cdots,n$} . , $x$ $\nabla_{e}e_{j}=0$: .
$x-’\Phi(x, \theta)$ Laplacian $\Delta$ , $\Phi(x, \theta)$
$\Delta\Phi(x,\theta)$ $=$ $- \sum_{i=1}^{n}\nabla_{e_{i}}\nabla_{\epsilon_{i}}\Phi.(x,\theta)$ (35)
$=$ $-c\{\triangle B(x,\theta)+c\Vert\nabla B(x,\theta)\Vert^{2}\}\Phi(x,\theta)$
, Busemann $\Vert\nabla B(x, \theta)\Vert=1$ ([E],[S] )
,
$\Delta\Phi(x,\theta)=-c\{\Delta B(x,\theta)+c\}\Phi(x,\theta)$ . (36)
Poisson , $0$ . , $\Delta B(x, \theta)=-c$
.
$\nabla B(x, \theta)$ $\theta$ $H_{x}(\theta)=\{y\in X|B(y, \theta)=$
$B(x, \theta)\}$ $x$ .
$\nabla B(x, \theta)$ $\Pi$ $y\in H_{x}(\theta)$
$\Pi(v,w)$ $=$ $-HessB(\cdot,\theta)(v,w),$ $v,w\in T_{y}H_{x}(\theta)$ (37)
$=$ $-\langle\nabla_{v}(\nabla B(\cdot,\theta)),w\rangle$ .
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$e_{1}$
$\nabla B(\cdot, \theta)$ $\nabla B(\cdot, \theta)$
$\Delta B(\cdot,\theta)$ $=$
$- \langle\nabla_{\epsilon_{1}}(\nabla B(\cdot,\theta)))e_{1})-\sum_{i=2}^{\dot{n}}\langle\nabla_{\epsilon_{i}}(\nabla B(\cdot,\theta)),e_{i}\rangle$ (38)
$- \sum_{i=2}^{n}(\nabla_{e_{l}}(\nabla B(\cdot,\theta)),e_{i}\rangle$




4.3 $([I-Sh],[Sh-2])$ . $(X, h)$ , Riemann
, 2.1 .
$c>.0$ . Poisson Busemann
:
$\Phi(x, \theta)=\exp(-cB(x, \theta))$ (39)
.
,
$\Delta B(x, \theta)=-c$ . $\Psi(x, \theta)=\exp(-cB(x, \theta))$
. $\Psi(x, \theta)$ $x$
$\iota$
. Busemann \Psi (x, $\theta$) Poisson .
Poisson ([Sch-Y]), $\Psi(x, \theta)$
Poisson .





5.1 : 3.1 3.1 3.12
(X, $h$ ) 1 ?









5.3 $k(x, y;t)$ :
$\frac{\partial u}{\partial t}=\Delta u$. (40)




5.4 . (X, $h$) $=(R^{n}, h_{o})$ , $k(x, y;t)$
$k(x,y;t)=(4 \pi t)^{-n/2}\exp\{-\frac{|x-y|^{2}}{4t}\}$ . (41)
[K-K] 6 .
5.1. . }‘‘‘ (X, $h$ ) $=(R^{n}, h_{o})l^{\underline{}}$ Fisher
:
$( \varphi_{t})^{*}g(\frac{\partial}{\partial x_{i}}, \frac{\partial}{\partial x_{j}})=\frac{1}{t^{2}}\{x_{i}x_{j}+2t\delta_{ij}\}$ (42)
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